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ABSTRACT 

Charts  showing  the  relationship  of  range,  height,  and  initial 
elevation  angle  of  the  rays  from  an  earth-based  antenna  have  been 
machine-computed  and  machine-drawn.  The  refracted  (curved) 
ray  paths  are  represented  on  the  charts  as  straight  lines,  which 
facilitates  plotting  radio  and  radar  vertical-plane  coverage  dia¬ 
grams.  The  negative-exponential  model  of  tropospheric  rcfrac- 
tivlty  has  been  assur.  ed,  a  "hough  the  method  permits  any  model 
representable  by  a  piecewisc-continuous  function  to  be  used. 
Charts  have  been  made  for  various  systems  of  range,  height,  and 
angle  units,  with  equal  and  unequal  range  and  height  scales,  with 
both  linear  and  nonlinear  scales,  and  for  both  small  and  large 
maximum  range  and  height. 


PROBLEM  STATUS 

This  is  an  interim  report  on  one  phase  of  the  problem;  work 
on  this  and  other  phases  is  continuing. 


AUTHORIZATION 

NRL  Problem  R05-28 
Project  RF  008-04-41-4508 


Manu«cript  nubmittcd  Srptrmbvr  ZZ,  1967. 
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RADIO  RAY  (RADAR)  RANGE-HEIGHT-ANGLE  CHARTS 


INTRODUCTION 

For  plotting  earth-based  radio  or  radar  system  vertical -plane  coverage  diagrams, 
a  chart  with  range,  height,  and  angle  coordinates  is  needed.  Such  a  chart  should  take  Into 
account  the  slight  but  significant  downward  bending  of  radio  rays  caused  by  atmospheric 
refraction.  To  be  most  useful,  the  chart  should  represent  the  ray  paths  as  straight  lines, 
to  facilitate  plotting.  The  vertical-plane  coverage  is  often  described  in  terms  of  range 
and  angle  rather  than  range  and  height. 

Such  charts  were  easily  constructed  for  the  Schelleng-Burrows-Ferrell  (SBF) 
"effective-earth-radius"  model  of  atmospheric  refraction  (1),  which  assumes  a  linear 
negative  gradient  of  the  index  of  refraction  as  a  function  of  height.  For  this  model,  the 
ray  lines  appear  straight  ‘n  a  plot  for  which  the  earth's  radius  Is  taken  to  be  greater  than 
the  true  radius  by  a  factor  /•  given  by 


rQ  (  i/m  i /A  )  (1) 

|  +  ■  ■  ■ 

where  r0  is  the  earth’s  radius,  *a  is  the  index  of  refraction  at  aero  height,  and  ./«  ja  (a 
negative  constant)  is  the  gradient  of  the  retractive  index.  A  standard  value  for  *  is  4/3, 
corresponding  to  ( «/»  <Mt  »#  •  l  irv .  In  the  early  days  of  radar  (in  fact,  until  the  late 
1050's)  it  was  customary  to  plot  radar-coverage  diagrams  using  charts  constructed  on 
this  principle. 

Subsequently,  the  "exponential"  model  of  the  atmospheric  refractivity  was  intro¬ 
duced  (2,3)  as  an  improvement  on  the  effective-earth-radius  model.  This  model  avoids 
the  height  errors  inherent  in  the  SBF  model  for  ray  >Uhs  that  travel  long  distances  at 
low  angles.  Unfortunately,  this  model  permits  no  simple  method  of  constructing  a  chart 
with  straight  ray  lines.  A  method  of  construction  was  devised  by  the  author  in  1958,* 
and  samples  of  the  resulting  charts  are  shown  as  Figs.  1  and  2.  They  are  plotted  to  show 
heights  to  100,000  ft,  and  the  maximum  range  is  about  350  naut  ml.  There  charts  have 
been  widely  used. 


CHARTS  WITH  NONLINEAR  RANGE-HEIGHT  SCALES 

There  has  subsequently  been  some  demand  for  charts  that  go  to  greater  ranges  and 
heights,  and  also  for  charts  that  give  an  expanded  presentation  of  the  lesser  ranges  and 
heights.  The  idea  of  constructing  a  chart  with  nonlinear  range  and  height  scales,  which 
could  result  in  achieving  both  of  these  goals  in  a  single  chart,  was  appealing.  A  logarith¬ 
mic  scale  is  naturally  considered  for  such  a  purpose.  However,  it  cannot  be  used,  be¬ 
cause  it  has  no  "origin"  (zero-zero  point);  the  origin  is  at  minus  infinity  on  a  log  scale. 
This  point  must  be  locatable  in  order  to  plot  ray  lines  that  emanate  from  it. 


*A  195$  report,  co-authored  with  Frank  D.  Clarke,  described  the  procedure.  Thia  re¬ 
port,  NRL  Memorandum  Report  879,  ia  now  out  of  print.  The  method  is  therefore  re- 
described  here,  in  a  more  general  form  to  allow  for  the  use  of  nonlinear  range  and 
height  scales. 
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Plettrrf  '•  prtmt  rrlrtruri  r sy  ^alhi  m  limri  for 

■tMifhrff.  H17  be  Hird  far  fear*  round  ataotphvr*  «ilh  wall  error*  eicrpt  brio* 

2  d(|rr»i  elevation  in  oona.  hv*id  weather,  or  when  "ductin***  •ctura. 

Oanatructed  on  the  boats  of  onolyaia  and  computet  ion*  by  M.I.T.  Lincoln 
Laboratory  01  fretented  in  Technical  Ityori  Ho,  III  dated  1  fejptt  Hil.  See  alto 
NR,  Me—  r  an  don  Report  179,  Deceotber  1VM*  for  details  of  conttruction. 

M11  an t  rente**  here  ararii  **diatance  along  the  ray  path,** 

Antanna  height  as a— ted  10  feet.  May  he  used  for  antenna  height!  (h)  up  to 
J00  (okt  if  height  readings  are  corrected  by  adding  (h-90)  feat* 


:  ■  j  .  >; 


sunt  wa  (nautical  tus) 

Fig.  1  -  Hand-drawn  linear-scale  100,000-ft-height 
chart  with  straight  vertical  constant- range  line* 

The  problem  has  been  solved  by  using  fractional -power -law  scales.  For  example, 
the  coordinate  t  corresponding  to  a  range  /<  at  zero  elevation  angle  Is  given  by 

*  *  'rm.«  '<* 


where  /<  Is  a  positive  number  between  zero  and  one,  xm>,  is  the  maximum  value  of  *, 
and  Is  the  maximum  value  of  ft,  As  examination  of  some  of  the  resulting  charts 
shows,  such  scales  have  properties  approximating  those  of  logarithmic  scales.  For  ex¬ 
ample,  successive  decades  of  the  scale,  though  not  of  equal  length  as  they  would  be  In  a 
log  scale,  differ  by  a  factor  of  less  bum  2  for  p  -  0,25.  Moreover,  unlike  a  log  scale,  a 
power-law  scale  has  an  r  -  0  point,  as  required.  For  the  linear-scale  charts,  Figs.  3 
and  4,  t  Is  of  course  equal  to  one. 

If  the  range  and  height  scales  are  made  the  same  —  that  Is,  It  the  horizontal  distance 
on  the  zero-elevation-angle  line  corresponding  to  a  range  ft  is  the  same  as  the  distance 
on  the  90-degree -elevation -angle  line  corresponding  to  a  height  h  -  ft  —  then  angles  on  the 
chart  correspond  to  the  actual  Initial  elevation  angles  of  the  rays,  and  the  loci  of  con¬ 
stant  range  are  circular  arcs.  The  loci  of  consiani  height  arc  then  plotted  In  this  coordi¬ 
nate  system  by  compulng  range  as  a  function  of  angle,  for  fixed  values  of  height.  These 
height  curves  are  downward-curving  lines  that  are  not  in  general  orthogonal  to  either  the 
range  lin  ;b  or  Uie  ray  lines.  The  technique  for  obtaining  a  straight -ray -line  chart  is 
thus  slnv  ly  to  plot  the  ray  lines  as  straight  lines,  plot  the  constant-range  loci,  and  con¬ 
strain  1  height  lines  to  fit  this  system  of  coordinates. 
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Fig.  2  •  Hand-drawn  Unear-acala  100,000-ft-height 
chart  with  elliptical  conatant-rang*  lina* 


II  the  range  and  height  scales  are  not  the  same  (In  the  sense  defined  previously), 
then  the  loci  o!  constant  range  are  segments  of  ellipses,  and  the  angle  scale  Is  nonlin¬ 
ear  —  that  Is,  the  angle  on  the  paper  corresponding  to  a  given  angle  In  space  Is  greater  at 
the  low  angles  ind  less  at  the  high  angles.  This  feature  may  be  advantageous  when  the 
low-angle  re^on  is  of  primary  Interest. 

Moreover,  as  shown  In  Fig.  1,  the  constant -range  loci  can  be  vertical  straight  lines 
If  the  chart  is  to  be  restricted  to  angles  below  90  degrees.  With  this  type  of  chart,  the 
lines  of  constant  height  become  asymptotically  vertical  at  90-degree  elevation  angle, 
whereas  they  become  horizontal  when  the  range  lines  are  circles  ox  ellipses,  as  shown 
by  Fig,  2. 


MACHINE  PLOTTING 

A  serious  problem  in  the  construction  of  the  charts  shown  as  Figs,  1  and  2  was  the 
draftsmanship.  Many  tedious  manhours  were  spent  constructing  them.  Figure  1  was 
done  by  a  professional  draftsman,  while  Fig.  2  was  done  by  the  author.  The  precision  of 
Fig.  1  Is  excellent,  while  that  of  Fig.  2  Is  only  fair.  This  problem  Is  even  more  severe 
if  manual  drafting  methods  are  used  for  charts  with  nonlinear  scales.  However,  equip¬ 
ment  Is  now  available  at  the  Naval  Research  Laboratory  with  which  these  charts  can  be 
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machine  plotted.  The  machine*  is  driven  by  a  punched  paper  tape  which  provides  r?  co¬ 
ordinates  o(  the  curves  and  lines  to  be  plotted.  With  this  machine,  highly  precise  charts 
can  be  produced  with  minimal  labor  and  time. 


DESCRIPTION  OF  CHARTS  PLOTTED 

Partly  as  an  exercise,  a  chart  with  a  format  almost  identical  to  that  of  Fig.  2  was 
computed  and  machine  drawn.  It  is  shown  as  Fig.  3.  Although  the  constant -range  lines 
at  large  ranges  appear  to  be  vertical  straight  lines,  they  are  actually  segments  of  ellip¬ 
ses.  As  can  be  seen,  the  agreement  between  the  two  charts  is  excellent,  but  the  marhme- 
drawn  chart  is  tar  more  precise.  Also,  additional  height  lines,  height-scale  tick  marks, 
and  angle  tick  marks  have  been  pro\  ldcd.  Then,  a  similar  chart  with  smaller  maximum 
height  and  maximum  range.  Fig.  4.  was  drawn.  This  chart  is  suitaole  lor  coverage  dia¬ 
grams  that  are  'Vstricted  to  the  height  region  below  10,000  it. 

Then  a  chart  with  1  4-power  range  and  height  scales  (,•■  =  0.25)  was  plotted  (Fig.  5). 

It  has  a  maximum  range  jf  about  1000  naut  mi  and  a  maximum  height  of  1.000.000  ft 
(about  1C4  naut  ml).  These  scales  are  suitable  for  some  aerospace  applications  not  cov¬ 
ered  by  Figs.  1  through  4.  On  this  chart  the  height  and  range  scales  are  equivalent; 
therefore  the  range  lines  are  circular  arcs,  and  the  angle  scale  is  true. 

Next,  a  similar  chart  bounded  tn  both  height  and  range  by  the  1500-naut-ml  range 
circle  was  drawn  (Fig.  6).  This  chart  is  suitable  for  showing  the  coverage  of  radar  or 
radio  systems  that  exceed  the  limits  of  Fig.  5.  Figure  7  is  a  metric-system  version  of 
the  same  chart,  to  3000  km  (1620  naut  mi).  Finally,  Fig.  8  is  a  chart  with  1/2-power 
(.  =  0.5)  range  and  height  scales,  but  otherwise  similar  to  Fig.  3.  The  elliptical  shape  of 
the  constant-range  tines  is  clearly  evident  here.  This  single  chart  combines  the  advan¬ 
tages  of  Figs.  3  and  4  —  be.,  expansion  of  the  close-in  region,  and  fairly  large  maximum 
range  and  height. 


REFRACTIVE-INDEX  MODEL 

These  charts  are  all  plotted  for  the  CRPL  Exponential  Reference  Atmosphere  (C; 
with  \  *  313.  which  means  that  the  index  of  refraction  »  as  a  function  of  height  /,  is 

given  by 

/.  lAl  |,0  •  41. 000  1 1  I  .•  11  11  (3) 

where  '  is  in  kilometers.  The  ray -height  values  as  a  function  of  range  and  angle,  and 
the  corresponding  .-■/  coordinates  required  for  the  machine  plotting,  were  computed  by 
the  NRL  CDC-3800  computer  from  Fortran  programs  written  by  the  author.  The 
refractive-index  model  can  be  changed  by  changing  a  single  data  card  of  the  program, 
so  that  similar  charts  can  be  readily  produced  for  any  other  values  of  the  exponential 
constants,  or  in  (act  for  any  other  mathematical  model  that  Is  representable  by  a 
piecewlse-contlnuous  function  (although  in  that  case  a  function  subprogram  would  have  to 
be  revised,  rather  than  a  single  data  card). 


*Thia  digitally  controlled  drafting  machine  i*  Gerber  Scientific  Co.  Model  875,  It  i*  ca¬ 
pable  of  plotting  to  a  maximum  «iir  of  5  ft  by  8  ft  with  a  precision  of  0.005  in.  The  pen 
tr.ivda  in  a  niraighi  line  between  fucce**ive  ry  coordinate  value*.  A  turret  head  allow* 
■  i  lection  of  variou*  pen  width*. 
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Shotted  to  iVnr  tty  paiK*  u  *t  night  line*.  Machine  compete*  and  plotted  lor  CRPL  Iap°M*ltl  Reference 
Atiwueplvre,  In4n  of  retraction,  n,  »■  *  function  of  Might,  h,  given  by: 

n(h|  •  l.f  •  .000)1)  cap  {♦. SM4S1  h)  th  In  nawtwai  ailn) 

Might  t*  relative  to  lover  terminal  o4  path  [antennal.  Radar  target  Might  above  ground  la  chart  heigh*  glue 
MrMa  height.  Radar  range  ia  distance  meiaured  along  ray  path  Range  and  height  coordinate*  are  to  Mae#  acale, 
a.4  art  proportional  Id  lowrth  root  of  range  and  height.  Co natant- range  contour*  are  circle*,  and  angle  Kale  i*  irw 
Angle  reprearnte  initial  elevation  angle  of  ray. 

Chart  la  for  a  standard  trupoephere.  and  will  nut  give  accoraie  height*  at  angle*  below  about  )0  degree*  when  the 
actual  refractive  index  eeofile,  «<h),  differ*  Iron*  the  one  aawmed.  hir-oapheric  refraction  ia  not  turn  into  •*  count, 
TV  r  Hu  re,  above  50  ft.  mi.  chart  ta  valid  only  at  Irtgvenci**  above  which  tonuapherlc  refraction  i*  aegliglMf  (—1000 


Fig.  •  -  Machine-drawn  »quare-ro  Jt-»cale  100,000-ft-height  chart 
with  elliptical  constant- range  line* 
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Some  of  these  charts  go  to  heights  that  are  well  into  or  above  the  Ionosphere,  which 
starts  at  roughly  100  km,  or  about  300,000  ft.  Since  Ionospheric  refraction  has  not  been 
taken  Into  account,  the  charts  should  be  used  above  these  heights  only  for  frequencies 
above  those  at  which  significant  Ionospheric  refraction  occurs.  This  requirement  Is  met 
at  frequencies  above  1000  MHz  under  daytime  Ionospheric  conditions,  and  to  somewhat 
lower  frequencies  Jt  night.  It  would  be  possible  to  make  a  chart  that  does  Include  the 
effect  of  ionospheric  refraction;  however,  such  a  ch\rt  would  be  valid  only  over  a  small 
region  of  frequency. 

The  charts  are  also  valid  only  fer  tropospheric  conditions  that  conform  to  Eq,  (3). 
Thus  for  accurate  radar  height-finding  or  similar  purposes,  a  chart  tor  the  specific  at¬ 
mospheric  index  variation  actually  encountered  should  be  used.  The  charts  in  this  re¬ 
port  are  merely  Intended  to  represent  a  "standard"  exponential  atmosphere,  In  the  same 
sense  that  the  4/3-earth-radlus  SBF  model  has  oeen  used  as  a  standard  linear  atmos¬ 
phere.  The  exponential  model  gives  much  more  accurate  range-height -angle  Informa¬ 
tion,  at  long  ranges,  low  angles,  and  great  heights,  than  docs  the  SBF  model,  although  the 
latter  Is  adequate  for  low-altitude,  short-range  work.  Incidentally,  an  SBF  model  con¬ 
forming  to  the  zero-altitude  gradient  of  the  exponential  model  of  Eq.  (3)  would  be  one 
with  k  a  1.4.  as  defined  by  Eq.  (1),  or  about  7  '5,  instead  of  4  3.  In  other  words,  the 
k  -  4/3  SBF  model  represents  somewhat  less  than  average  refraction  for  the  United 
States;  It  corresponds  more  nearly  to  cool-weather  conditions  (2). 

The  most  suitable  exponential  model  for  use  as  a  convention  Is  In  fact  a  matter  on 
which  not  all  agree.  Some  qualified  workers  feel  that  a  cool-weather  model  would  be  a 
better  choice,  arguing  that  the  CRPL  model  of  Eq.  (3)  Is  an  average  of  condlttona  Out  In¬ 
clude  some  abnormally  high  summertime  values  when  ducting  conditions  exist,  so  that 
the  resulting  average  is  unrealistic  as  an  average  txponcntlal  model.  However  this  may 
be,  the  primary  purpose  here  is  tot  to  argue  for  adoption  of  a  particular  refractl vs -Index 
model,  but  rather  to  describe  the  procedure  used  to  produce  useful  charts.  On  ths  other 
hand,  the  CRPL  model  Is  not  wholly  unsuitable  as  £  convention,  since  it  does  represent 
refraction  condition!  lying  somewhere  between  the  maximum  and  minimum  that  will  be 
encountered  in  practice.  If  or  when  some  authoritative  standards  organization  adopts  s 
different  standard  exponential  model,  It  will  be  a  simple  matter  to  produce  charts  of  ths 
type  described  here  for  that  model. 

Incidentally,  Fig.  1  le  a  chart  based  on  the  cool-weather  exponential  model  of  Itcf.  3; 

-  i.o  ♦  o.ooovm  »•"  (3a) 

where  h  Is  In  feet.  The  corresponding  decay  constant  for  h  In  kilometers  la  0.1217. 
Comparison  of  Figs.  1  and  2  Indicates  the  extent  to  which  the  range  and  height  values 
differ  for  the  two  models.  Figure  2  Is  for  the  model  of  Eq.  (3). 


EQUATIONS  FOR  COMPUTING  CHART  COORDINATES 

The  first  step  for  plotting  a  range -height -angle  chart  Is  to  compute  the  range  values 
a  corresponding  to  specified  values  of  height  / ,  and  angle  The  basic  equation  for 
this  computation  Is 


J  2 


n  I A  I  lift 


r  t  n  • 

“Ta 


h 


(4) 


It 


l«  V,  HLAKt 


where  (,  la  th*  (rut  ridlua  of  lha  earth,  «  la  (he  value  of  at  a  n,  and  «<ai  la  tha 
refractive  indt*  given  aa  a  funellcm  of  heigfil,  In  Ihla  raat  by  Eq,  (3).  Equation  (4)  la  da* 
rived  from  Inall'a  law,  ••  eaplelned  In  Hal,  4  and  elsewhere.*  Thle  aquation  la  solved 
numerically  by  lha  computer  using  a  llmpson'e  rule  subroutine,  Tha  conventional  valua 
#170  luii  waa  uaad  (or  >, . 

Tha  /  and  r  earlealan  eoordlnalta  of  a  point  on  Ilia  chart  corre»|*>ndlrig  to  a  ft  van 
range,  halgtit,  and  angle  are  found  (airly  alrnply  whan  lha  rang*  and  halghi  aralaa  art  lha 
aaina  and  lha  angla  oral#  on  lha  paper  la  "irua,"  llnra  lha  conatanl -range  linen  ara  cir¬ 
cle#,  II  Ir  known  that  lha  cy  coordlnaiei  corraipondtng  to  a  ranga  H  lit  on  a  clrda  ot 
radlua  .  given  by 


whara  lha  quantuiaa  ara  aa  defined  for  Kq>  (*)■  In  fact,  (ha  aquallon  la  lha  aama,  eatapi 
lhal  Eq,  (I)  give#  lha  valua  of  *  that  Haa  on  lha  aero-eleviutm-angle  Una,  which  la  equal 
lo  . ,  Tha  equation*  lor  lha  ry  point  coriaapondlng  16  a  pair  of  range  w  and  angle  # 
valuan  are  of  courat 

*  ,  ttt  <’t  (!) 

and 

(7) 

Tin  procedure  lot  plotting  a  chart  la  flrai  lo  #olve  to-  (4)  lor  iha  rang*  valua  corra- 
•pimding  to  gtvan  haigM  and  angla,  than  lo  compute  •  and  y  lor  ihla  ranga  and  angla  fa  am 
Kqa,  (ft),  (•),  and  (7),  A  alighi  programming  problem  ariaaa  hacauaa  In  ordar  lo  plot  a 
lorua  of  roralani  halghi,  It  la  raqulrad  lo  gantrala  aucieeaive  /y  valuta  along  a  Una  ol 
conelanl  halghi,  taking  lha  alavallon  angle  aa  lha  Independent  variable,  Tha  problem  la 
that  for  computational  economy  and  elmpllclly  ll  laaaalar  lo  compola  rail  lunruon  of 
inrreaaing  with  ,  cimatanl,  However,  lha  required  isquame  of  *y  valuta  along  a 
conaiant  bfi  ,1it  Una  can  ha  generated  by  eultable  programming.  Tha  program  llallnga 
ara  no  it',"*n  In  IM*  report,  ♦ 

Tha  tomjnriallon  nf  lha  /  end  r  valuta  la  ellghilv  more  complicated  whan  lha  range 
and  halghi  acalea  ara  dlfferanl,  eo  dial  lha  angle  art  la  la  nonlinear,  and  lha  ronalent- 
ranga  loci  are  aagmenle  of  allipaai.  ll  la  raqulrad  flral  lo  compute  lha  elllp’lflly  factor 
t,  which  la  lha  ratio  of  lha  major  i;n>j-**!e  of  !hs  ellipse  Us  ihs  minor  semi-;*!*,  tvi 
a  chart  whoa#  maalmum  <  and  r  (oordlnalf  valuaa  («,§,,  In  Inchaa)  art  and  y  , 
and  whoaa  maalmum  range  and  hclghi  valuta  are  n0t,  and  ,  ihla  factor  la  given  by 


/  »  i 


<•) 


whara  y  la  defined  aa  In  Eq.  (I),  and  #a(l  and  are  aipraaaad  In  lira  aama  unit*  of 
dleiaiue, 

Tha  n  valuta  for  an  elllnia  of  conelanl  ranga  aa  a  function  of  (he  angla  ",  •  m  'ly  ti 
and  lha  major  and  minor  atmi-aMi  *  and  «  art  given  byi 


*1  hv  Itclur  iiM  In  tti«  rinm(r*lur  It  mil  dfrlvtd  f r urn  *»i«l)'t  law,  but  It  Inthidtl  l>i 
ttltk*  //•/,.  Ml  curt  t  timiid  ly  ll.t  t  nr  ui  Irtvti  uf  t  ftiytyttltl  uvtr  llit  rty  Mill  •  l,t>, 
ilia  dititmt  it  ll  v. .ui I .j  Ot  iiittaiirfii  by  •  rtdti,  rtihtr  tlitn  Ihti  which  would  b#  inttt- 

iryati  l-u  a  I  *  —  ± 

M'lyyrtm  1 1  •  1 1  n  ■  •  will  |/t  luniltlitd  lu  uutllllid  rtijUttttrt.  Addrttl  liujulrm  In  llit 
Dliitlur,  ruytl  KmiihIi  l.ibur  tlury.  W  t  tlil'iyl  i.n,  fr.L.  10 1 ‘hi,  rnthllunliig  IfftL  NtynM 
fctly, 
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and 


yr  •  ( i  ^ 

f  ’  h  /l  -  if1 


Th#  parameters  «  and  >>  arc  computed  from  the  equation* 


<#) 

(10) 


*  '  ^  (^) 
and 

4  «  6‘  ■  e  .  (12) 

An  angle  ,  on  the  chart  (l.e.,  the  angle  corresponding  to  a  point  *<j  as  defined  by 
imi  1  i  jr  si)  la  related  to  the  ray  Intttat-elevatlon  angle  „  by  the  expreaelon 

IM  ,  *  H  l«K  f  ,  (13) 

Consequently,  the  /  and  >  coordinatea  of  a  point  on  a  eonatant-height  line  are  found 
from  the  and  „  valuer  by  flrat  finding  from  Eq.  (13),  next  finding  a  and  H  from 
Eqa,  (II)  and  (12),  and  then  applying  Eqa.  (8)  and  (10), 


NOTES  ON  CHART  CONSTRUCTION  AND  USE 

Not  only  the  height  ltnea,  but  alao  the  conatant  range  linea,  the  angle  llnea,  and  the 
range,  height,  and  angle  tick  marke  are  maenltu  computed  and  machine  plotted.  The 
only  hand  work  on  the  chart!  ia  the  lettering  of  th*  legend  and  the  numbering  of  the  co¬ 
ordinate  acalea.  It  waa  a  problem  to  decide  ho- '  uenerly  to  draw  the  range,  height,  and 
angle  llnea,  especially  on  the  nonlinear  charie,  where  accurate  interpolation  between  ad¬ 
jacent  llnea  la  difficult.  If  too  many  llnea  are  drawn,  however,  the  chart  becomea  ex- 
ceaetvely  cluttered  and  hard  to  use,  Ordinarily  the  chart!  are  uaeful  when  data  are 
available  In  the  form  of  pairs  of  range-angle  value*,  and  the  corresponding  height*  can 
then  he  found  from  the  chart.  It  la  aaaumed,  however,  that  high  accuracy  will  not  be 
needed  when  the  chart*  are  so  used,  If  htgh  accuracy  la  required,  then  flrat  of  all  an 
actual  rather  than  a  atandard  or  conventional  model  of  the  refractive -Index  variation 
ahould  be  uaed,  a»  hat  already  been  mentioned,  Second,  (he  height  ehould  then  be  com¬ 
puted  directly  rather  than  being  read  from  a  chart.  Method*  of  performing  these  com¬ 
putation*  are  described  In  Ref.  4, 

The  height  represented  on  the  chart  la  that  relative  to  the  origin  of  the  ray  -  the 
antenna  pitaae  center.  If  the  antenna  ia  at  an  appreciable  height  above  eca  level,  and  the 
ray  (e.g  radar  target)  height  above  eei  level  is  deeired,  the  antenna  height  must  be 
added  to  the  height  read  from  the  chart,  The  chart*  are  computed  on  the  assumption, 
however,  lhat  the  antenna  la  not  at  a  great  height  above  sea  level  (this  la  Inherent  in  the 
aeeumptlon  that  the  Index  of  refraction  ie  1,000313  at  the  ray  origin).  Therefore,  If  the 
antenna  height  I*  much  more  than  shout  1000  ft  above  sea  level,  these  charts  should  not 
lie  uned,  The  refractive  index  model,  Eq.  (3),  Is  baaed  on  the  average  index**  and  gradi¬ 
ents  observed  over  the  United  Slates,  at  ftattons  averaging  700  ft  above  tea  level  (3).  In 
more  general  termc,  the  charts  ire  meant  to  serve  a*  convention*  for  shipboard  or  Und- 
(•eaed  antenna  eltea  at  low  or  moderate  altitude  above  eea  level. 

Thee*  charte  may  be  reproduced  singly  or  In  quantity  without  explicit  permission. 
Where  they  are  used  in  publications,  mention  of  their  source  wilt  he  appreciated,  Larger 
■U*  copies,  more  suitable  for  reproduction  than  those  Included  In  this  report,  can  be 
furnished  (o  qualified  organisations  upon  request, 
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Charts  showing  the  relationship  of  range,  height,  and  Initial  elevation  angle  of 
the  rays  from  an  earth-based  antenna  have  been  machine -computed  and  machine- 
drawn.  The  refracted  (curved)  ray  paths  arc  represented  on  the  charts  as  straight 
lines,  which  facilitates  plotting  radio  and  radar  vertical -plane  coverage  diagrams. 
The  negative-exponential  model  of  tropospheric  refractivity  has  been  assumed, 
although  the  method  permits  any  model  representable  by  a  plecewise-continuous 
function  to  be  used.  Charts  have  been  made  for  various  systems  of  range,  height, 
and  angle  units,  with  equal  and  unequal  range  and  height  scales,  with  both  linear 
and  nonlinear  scales,  and  for  both  small  and  large  maximum  range  and  height.  (  ) 
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